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ON THE DIOPHANTINE EQUATION px ` py “ z2n
DIBYAJYOTI DEB
Abstract. In [1], Tatong and Suvarnamani explores the Diophantine equation px`py “
z
2 for a prime number p. In that paper they find some solutions to the equation for
p “ 2, 3. In this paper, we look at a general version of this equation and solve it
completely.
1. Introduction
Diophantine equations of the form ax ` by “ z2 have been studied in recent papers
by various authors. In this paper we use elementary methods to completely solve the
equation px ` py “ z2n in non-negative integers where p is a prime number.
2. Preliminaries
Theorem 2.1. The Diophantine equation ax ´ by “ 1 has a unique solution in integers
a, b, x, and y with minta, b, x, yu ą 1. This solution is given by p3, 2, 2, 3q.
Proof. This is the famous Catalan’s Conjecture (which can be also called Mihailescu’s
Theorem) that was proven by Mihailescu. For the proof see [2]. 
Lemma 2.2. For an odd prime p ą 3, the Diophantine equation px ` 1 “ z2 has no
non-negative integer solutions.
Proof. On the contrary, suppose that there are non-negative integer solutions pp, x, zq. If
x “ 0, then z2 “ 2 which is not solvable in integers. Therefore, x ě 1. Since p ą 3,
therefore, z2 “ px` 1 ě 51` 1 “ 6. Thus, z ě 3. We rewrite the equation as z2´ px “ 1.
Since p ą 3, hence by Theorem 2.1, x “ 1. This means z2 “ 1` p or pz ´ 1qpz ` 1q “ p,
which is impossible as p is a prime number and z ě 3. Hence, when p ą 3, the equation
px ` 1 “ z2 has no non-negative integer solutions. 
3. Main Result
We now present our main result.
Theorem 3.1. If p is a prime number and n ě 1 is an integer, then the Diophantine
equation
px ` py “ z2n
has the following set of solutions px, y, zq in non-negative integers.
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For n “ 1,
px, y, zq “
$’&
’%
p2s` 3, 2s, 3 ¨ 2sq, p2s, 2s` 3, 3 ¨ 2sq, p2s` 1, 2s` 1, 2s`1q, p “ 2, and s P NY t0u
p2s` 1, 2s, 2 ¨ 3sq, p2s, 2s` 1, 2 ¨ 3sq, p “ 3, and s P NY t0u
No solutions, p ą 3
For n ą 1,
px, y, zq “
#
p2s` 1, 2s` 1, 2ps`1q{nq, p “ 2, s P NY t0u and s` 1 ” 0 mod n
No solutions, p ě 3
The proof of this theorem combines the proofs of the next two theorems.
Theorem 3.2. If p is a prime number then the Diophantine equation
(1) px ` py “ z2
has the following set of solutions px, y, zq in non-negative integers.
px, y, zq “
$’&
’%
p2s` 3, 2s, 3 ¨ 2sq, p2s, 2s` 3, 3 ¨ 2sq, p2s` 1, 2s` 1, 2s`1q, p “ 2, and s P NY t0u
p2s` 1, 2s, 2 ¨ 3sq, p2s, 2s` 1, 2 ¨ 3sq, p “ 3, and s P NY t0u
No solutions, p ą 3
Proof. This is the case n “ 1 of Theorem 3.1. We consider several cases.
Case 1 : x “ y. In this case,
px ` py “ 2px “ z2
Thus z “ 21{2px{2. As p is a prime number and z is a non-negative integer, therefore,
p “ 2 and x is an odd non-negative integer. Thus, when x “ 2s` 1 for any non-negative
integer s, we have z “ 2s`1. Hence, when y “ x, the solution set px, y, zq consists of
3-tuples of the form p2s` 1, 2s` 1, 2s`1q for any s P NY t0u.
Case 2 : x ‰ y and x ă y. In this case, pxp1` py´xq “ z2, which implies that p | z. Let e
be the highest power of p that divides z, i.e., pe | z but pe`1 ffl z. Suppose z “ pek with
p ffl k. We then have,
pxp1` py´xq “ ppekq2 “ p2ek2
Since p is a prime number and p ffl k, therefore, px “ p2e which implies x “ 2e. We then
have,
(2) k2 “ 1` py´x “ 1` py´2e
We now divide this problem into several cases.
Case 2.1 : p “ 2 and y ´ 2e “ 1. In this case,
k2 “ 1` 2y´2e “ 1` 2 “ 3
This has no integer solutions in k, hence the Diophantine equation px ` py “ z2 has no
non-negative integer solutions when p “ 2 and y ´ x “ 1.
Case 2.2 : p “ 2 and y ´ 2e ą 1. In this case, since p “ 2 and y ´ 2e ą 1, therefore,
k2 “ 1` 2y´2e ě 5. Therefore, k ě 3. Rewriting Equation (2) we have,
k2 “ 1` 2y´2e
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(3) k2 ´ 2y´2e “ 1
As mintk, 2, 2, y´ 2eu ą 1, therefore, Equation (3) has a unique solution pk, y´ 2eq given
by p3, 3q by Theorem 2.1. Thus, we have x “ 2e, y “ 2e ` 3 and z “ 2e ¨ 3. Hence, when
p “ 2 and y´x “ y´ 2e ą 1, the solution set px, y, zq of Equation (1) consists of 3-tuples
of the form p2s, 2s` 3, 3 ¨ 2sq for any s P NY t0u.
Case 2.3 : p “ 3 and y ´ 2e “ 1. In this case we have,
k2 “ 1` 3y´2e “ 1` 3 “ 4
This implies k “ 2. Thus, x “ 2e, y “ 2e ` 1 and z “ 2 ¨ 3e. Thus when p “ 3 and
y ´ x “ y ´ 2e “ 1, the solution set px, y, zq of Equation (1) consists of 3-tuples of the
form p2s, 2s` 1, 2 ¨ 3sq for any s P NY t0u.
Case 2.4 : p “ 3 and y ´ 2e ą 1. In this case, since p “ 3 and y ´ 2e ą 1, therefore,
k2 “ 1` 3y´2e ě 10. Therefore, k ě 4. Rewriting Equation (2) we have,
k2 “ 1` 3y´2e
(4) k2 ´ 3y´2e “ 1
As mintk, 2, 3, y´2eu ą 1, therefore, Equation (4) does not have any non-negative integer
solutions by Theorem 2.1. Thus when p “ 3 and y´ x “ y´ 2e ą 1, Equation (1) has no
solutions in non-negative integers.
Case 2.5 : p ą 3. Looking at Equation (3),
1` py´2e “ k2
The equation has no solutions in non-negative integers by Lemma 2.2. Thus, when p ą 3,
Equation (1) has no solutions in non-negative integers.
Thus, taking Cases 2.1-2.5 into account we see that the set of solutions px, y, zq of
Equation (1) when x ă y is given by,
px, y, zq “
$’&
’%
p2s, 2s` 3, 3 ¨ 2sq, p2s` 1, 2s` 1, 2s`1q, p “ 2, and s P NY t0u
p2s, 2s` 1, 2 ¨ 3sq, p “ 3, and s P NY t0u
No solutions, p ą 3
Case 3 : x ‰ y and x ą y. This case is similar to Case 2 and its various cases. The only
difference results in switching the values of x and y in our final answer. Thus the set of
solutions px, y, zq of Equation (1) when x ą y is given by,
px, y, zq “
$’&
’%
p2s` 3, 2s, 3 ¨ 2sq, p2s` 1, 2s` 1, 2s`1q, p “ 2, and s P NY t0u
p2s` 1, 2s, 2 ¨ 3sq, p “ 3, and s P NY t0u
No solutions, p ą 3
This concludes the proof.

Now we consider the case n ą 1.
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Theorem 3.3. If p is a prime number and n ą 1 is an integer, then the Diophantine
equation
(5) px ` py “ z2n
has the following set of solutions px, y, zq in non-negative integers.
px, y, zq “
#
p2s` 1, 2s` 1, 2ps`1q{nq, p “ 2, s P NY t0u and s` 1 ” 0 mod n
No solutions, p ě 3
Proof. Case 1: p “ 2. Suppose that there exists non-negative integers x, y and z that
satisfies Equation (5). Let w “ zn. In that case px, y, znq is a solution in non-negative
integers of the equation
(6) 2x ` 2y “ w2
By Theorem 3.2 the only solutions px, y, wq to Equation (6) are p2s`3, 2s, 3 ¨2sq, p2s, 2s`
3, 3 ¨ 2sq, p2s` 1, 2s` 1, 2s`1q for s P NY t0u. This means either w “ 3 ¨ 2s or w “ 2s`1.
Case 1.1 : w “ 3 ¨ 2s. This is not possible as w “ zn “ 3 ¨ 2s which is not solvable in
integers z for n ą 1.
Case 1.2 : w “ 2s`1. This means zn “ 2s`1 or z “ 2ps`1q{n. If n | ps ` 1q, then z is an
integer and we have solutions p2s` 1, 2s` 1, 2ps`1q{nq for Equation (5).
Case 2 : p ě 3. We proceed similarly to Case 1. Suppose that there exists non-negative
integers x, y and z that satisfies Equation (5). Let w “ zn. In that case px, y, znq is a
solution in non-negative integers of the equation
(7) px ` py “ w2
Case 2.1 : p “ 3. By Theorem 3.2, the only solutions px, y, wq to Equation (7) are
p2s ` 1, 2s, 2 ¨ 3sq, p2s, 2s ` 1, 2 ¨ 3sq for s P N Y t0u. This means w “ 2 ¨ 3s for both
solutions. However, zn “ 2 ¨ 3s doesn’t have any solutions in integers z for n ą 1.
Therefore Equation (6) has no solutions in non-negative integers.
Case 2.2 : p ą 3. By Theorem 3.2, Equation (6) has no solutions px, y, wq in non-negative
integers. Hence Equation (7) has no solutions px, y, zq in non-negative integers.
Combining the results from Case 1 and Case 2 we see the results of Theorem 3.3. 
4. Conclusion
We see that the Diophantine equation px` py “ z2n has infinitely many solutions when
n “ 1 and p “ 2 or p “ 3. The equation has no solutions when p ą 3. It also has infinitely
many solutions when n ą 1 for p “ 2. However, the equation does not have any solutions
when p ě 3. All these solutions are given in the statement of Theorem 3.1.
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